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Part A (Short Answer Questions)
Answer any eight questions.
Weight 1 each.

1. Define Canonical mapping of 2 normed space X into X" Prove that Canoical mapping is linear.

2. Tf(z,) and {y,) arc sequences in the same normed space X, show that =, e med Yo St y implies z,, + y, = ol Y.
3. Define contraction on a meiric space. State Banach fixed point Theorem.

4. Define characteristic equation and eigenvalues of an -n ® 71 matrix.

5. TLet X be a complex Banach space, T' € B(X, X) and A, u € p(T). Then prove that B, — Ry = (1 — A)R,R;.

6. Define a commutative algebra with identity. Give an example.

Define totally bounded sets. Ts a totally bounded set of a metric space is bounded?

Let T and § be linear operators in a normed space X. If T is compact and § is bounded prove that T'S is compact.

8. LetTy, Tp, T be bounded self-adjoint linear operators on a complex Hilbert space Hand @ > 0. I Ty < Ty, prove that
H+T<T+TandaTi < als.

10. Let P, and P; be projections defined on a Hilbert space H and let V5 = Pi(H)and Yy = Py(H). If the difference P = P, — Pil isa
projection, prove that PoP = PP, = Fy.
(8x1=8 weightage)
Part B (Short Essay/Problems)

Answer any six qguestions.
Weight 2 each.

11.  Prove that a sequence (£, ) of bounded lincar functionals on a Banch space X is weak™ convergent if and ouly if
(A) The sequence (|| fl]) is bounded.
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12.

13.

14.

15.

16.

17

18.

18,

20.

21.

22.

(B) The sequence (faz) is cauchy for every z in a total subset M of X

Let T : D(T) — Y be a bounded linear operator with domain D(T} < X .where X and Y are normed spaces. Prove that
(a) FD(T) is a closed subset of X, then T is closed.
(b} If 7' is closed and ¥ is complete, then D(T') is a closed subset of X,

Let T: X — X be a bounded linear operator on a complex normed space X and A € p(T'). Then prove that the resolvent operator
Rx(T) is defined on the whole space X.

; ; o b
Find the eigenvalues and eigenvectors of the matrix [1 i } :

Let A be a complex Banach algebra with identity. Then show that the set & of all invertible elements of A is an open subset of 4.

Let X and ¥ be normed spaccand T : X —+ Y a lincar operator. State and prove the characterisation theorem for 7" to become a

compact linear operator.

Let T : H — H be a bounded self-adjoint linear operator on a complex Hilbert space H # {0}. Prove that m = inf (T#,z) and

fl=il=1

M — sup (Tz,z) are spectral values of 7.

il=if=1

Let P and P are projections on a Hilbert space H. Prove that the product P = P, P, is a projection on H if and only if P, and
Py commute. Also prove that P projects Honto Y = ¥; Ny, where ¥; ="P;(H), (= 1,2).
: {6x2=12 weightage)

Part C (Essay Type Questions)

Answer any two questions.
Weight 5 each.

State and prove Open Mapping Theorem

Let T € B(X, X), where X is a complex Banach space. Then:

(@ If |7 < 1, prove that (7 — T') ! exists as a bounded linear operator on the whole space X and

I-Ty ' =Y I+T+T%4:--
=0
{b) Prove that the spectrum of T is closed.

LetT : X — X be a compact linear operator on a normed space X, and X = 0. Prove that there exists a smallest integer r such that
from n = r onwards the null spaces M (T}') are all equal and the ranges Ty (X)are all equal a:llcl if 7 = 0, the following inclusions are
preper.

NI < N(D) S NTEH € -« CN(TT) and

THX) S B(X) D THI) > - > T(X).

1. Prove that cigen vectors corresponding to different eigenvalues of a bounded self-adjoint linear operator on a complex
Hilbert space are orthogonal.

2. State and prove a characterization of the resolvent set of a bounded self-adjoint linear operator on a complex Hilbert

space.

{2%x5=10 weightage)
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